Functional inequalities on the Gaussian path
space

Bo Wu

Fudan University

The 18th Workshop on Markov Processes and Related Topics

July 31, 2023, Tianjin

Partly based on the joint work with Qinpin Chen and Jian Sun

Bo Wu (Fudan University) Functional inequalities on the Gaussian path space 1/28



Table of contents

© Background

© Quasi-invariant Theorem

e Functional inequality

Bo Wu (Fudan University) Functional inequalities on the Gaussian path space 2/28



Background

Quasi-invariant property

@ Leb. measure \(dx) on R?: x € RY v € RY, let

d(€)-(A)

c(x) = R
() =x+ev, cer = A&k

=1, (Translation invariant).

o Standard Gaussian measure v(dx) on RY: x € R?, v € RY, let
&(x)i=x+ev, e€R = %;(7) = exp (8<~, v) — 62—2|v|2>

o Wiener Measure 1 on C([0,1] : RY): let

(i(w):=w+eh weC([0,1]:RY), heH,

where )
H:= {h e C([0,1];RY) : h(0) = 0, ||h||% = / |hs)?ds < oo}.
0

Then (; for p is a family of quasi-invariant flow and
d(CE)*M _ ! ’ € 2
Tt = (e RUOREY Sliall).-
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Background

@ Wiener Measure pon C([0,1] : M): M Riemannian manifold.

3¢ We(M) > W(M),  heH,

ALt —oxp | [ 03 ar).

s.t.

where
() = /Ot <h'(s) + %Ricusmh(s), st(’y)> )

Driver(92), Hsu(95, 02), Hsu-Ouyang(09), Wang(11), Chen-Li-W(23)
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Background

o Fractional Wiener Measure ;i on C([0,1] : RY), i.e. the law of FBM B":

t
Br ;:/ Ku(t,s)dBs, t>0,
0

where Ky(t,s) =

s~ [ (u— )" Fu" e, He (),

1[0,t](5)7 H= %,
H—1

by ((@) 2 (H — %) s%—"’ fsf(u — s)H—%uH—%du) , c (07 %)

Define (f(w) :=w+eh, we€ C([0,1]:RY), h(t) = fot F(t,s)g(s)ds.

d(Ch)«p
du

1 &2

—exp (= [ (K (s), dBLY) — 5 ).
0 2

Decreusefond-Ustiinel(99), Elisa-Mazet-Nualart(01), Fan(15)
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Background

Mathematical finance:

@ Brownian motion: Theory of option pricing formula(1997, Black-Scholes-Merton)

@ Fractional Brownian motion: Describing the price fluctuation behavior model of
financial markets

@ Gaussian process: Due to the complex financial behaviors of price fluctuations in
financial markets, it may not be comprehensive enough to use FBM only to describe
its fluctuation behaviors. It is necessary to introduce a more general Gaussian
process.

@ Greek alphabet for the derivative

d

LE@(B)) = JE(%‘D(B)(E))

=E(®(B)(e)ae(®(B)) — — — — — — Bismut’'s Formula.
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Our goal

o F-Gaussian process:

@ Quasi-invariant theorem

o Functional inequality
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Background

F-Gaussian process

Let F € C*(R x R). Consider

t
Bf ::/ F(t,s)dBs, t>0.
0

In this talk, we always assume that
o Fel’(R?) and [/ F(t,r)F(s,r)dr#0, VtseR
o @) == F(t,) € L}(R), Vt>O0.
This implies that BF is a centered Gaussian process with covariance

E(Bf Bf) := Re(t,s) = /MS F(t,r)F(s,r)dr.
0
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Background

According to the definition of Bf:
t
Bf ::/ F(t,s)dBs, t>0,
0

the kernel function F is the key point between B and BF. Here we introduce the
operator Kr : L2([0, T];R) — L3([0, T]; R) defined by

Keh(t) = / F(t,s)h(s)ds, he L2([0, T]:R).

To characterize the connection between B and B, we need to introduce K; and (K7)™*
operators.

8F(i’ D p(eyde, e 12(0, TP R).

(KPh)(s) := F(s7s)g($)+/ d

This requires that

OF(t,s)

(A) as. tel’0,T], Ft,s):= i

e L*([0, T)%;R)
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Background

To make sure that (KZ)™' : L2([0, T];R) — L([0, T];R) is bounded operator. we need
to assume that (B):

3 @€ L}([0, TP)NCY((0,T)*) and 0 < G1,¢ € L*([0, TI; R) with &, & € L([0, T]; R)

s.t.
oy (rr)+f"3f{ o) ds = Go(r),
SELF(e, 1)+ [] 252090 ds = (u(1), VOo<t<r<T.
80(r,t) | 90(r,t)
or + ot _0

Example: (1) Let

F(t,s) = fi(s )/t(u—s)"‘flfg(u)du7 0<a<l

r()

In particular, if

i NS N
fi(s)=s2"", h(t)=t" 2, a=H 5 c—cHF(H 2).

Then F(t,s) = Ku(t,s).

(2) Let F(t,s) = f(s) for some f.
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Background

Remark
(1) When c ¢
— _ a—1 < 1.
F(t,s) I_(a)ﬂ(s)/s (u—s)* (u)du, 0<a<l
Let

@(t,s):ﬁ(tfs)_“, s<t
G(t) = A(t), tef0, 7]
G&(t) = hH(t), te[0, T]

(2) When F(t,s) = f(s) for some f. Let
O(t,s) =1, =1, G ="f(1).
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o *\)—1
Existence of (Kf)

Theorem
Suppose that (A) and (B). Then

(K) L h(t) = _Cz:(Lt)%/t “z(jsi) h(s)ds, he L2([0, T]; R).

The Cameron-Martin space H' for Bf is denoted by
HF = {hF - Kph’h e H, W |2 < oo},
where

]
(g Ve = / H(s)g'(s)ds, HF.g" € HF.
0

For each fixed T > 0, let H" := (Kg)~*(L*([0, T];R)). Let ¥ € H and A be a partition
of the interval [0, T]:

A={0=t<tr< - <t1<t,=T}
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Background

Integrals for F-Gaussian process

Define the BF-integral with respect to 1

! dBf = i S ! o ds) (Bf  —Bf
/O P(s)dB; = mlg()Z( p(s) 5>( tiy1 tf)'

o \ti+1 — Li Jy

Theorem

Suppose that (A) and (B). Then

T T
/ z/)(s)stF:/ Ki(s)dBs, Yy € HF.
0

0

Neven(68), Decreusefond-Ustunel(99), Duncan-Hu-Pasik-Duncan(00), Nualart(03)
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Quasi-invariant Theorem

Quasi-invariant Theorem

Let
Rr = Kr o K£.

Theorem (Chen-Sun-W 23+)

Assume that F(t,s) = f(t)F(t,s), t>s >0, where F satisfies conditions (A) and
(B), and for some function f with f, 1 € L*([0, T];R). Then for each h" € H", we have

/G(BF(w)—l—hF)dIF’(w):/G(BF(w))ahF(w)dIF’(w)
Q Q

for any bounded Borel measurable function G, where

T 1 hF s 1
QuF = exp / (Rﬁ) TdB — 5 ‘
0
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Quasi-invariant Theorem

Integration by parts formula
Define
T T
FC = {G(v) :g(/ gl(s,vs)ds,---,/ gm(s,vs)dS) toy € Wr,
0 0

g € Lipp(R™), g € C¥'([0, T] x R;R),1 < i < m}.

Theorem (Chen-Sun-W 23+)

Assume that F(t,s) = f(t)F(t,s) t>s> 0, where F satisfies conditions (A) and (B),
and for some function f with f, + € L*([0, T];R). For each h" € H" and Gi, G, € FCy,
we have

/ GoDyr Gidpf = / GiD}r Godp,
Q Q

where
_1hf (1)

dBf.
f(r) °

T
DirGo = —Dyr G + Gz/ (Re)
0
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Martingales with respect to BF

In general, BF is not a martingale. Does there exist a function WY(t,s) such that

t
M, :/ W(t, s)dB
0

is a martingale?

Theorem (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then then stochastic process

¢ @(t,s) F

aG)aE @

is a martingale with respect to the filtration generated by the F-Gaussian process, where
O, (1 and ( are from the condition (B).

M(t) =
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Quasi-invariant Theorem

Bismut-Elworthy-Li's formula

For each x € R, define
Bf >t = Bf + x.

Theorem (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then for each T > 0 and g € By(R),
we have

() = ) ([ ([ e}t

-
To ::/ F(T,s)ds.
0

where

Bismut(84), Elworthy-Li(94), Fan(15)
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Functional inequality

Functional inequality

Quasi-regular Dirichlet form:

For any G € FCp, define
o Damped gradient: D,G = (DF G, h)yr, VheHF
o Malliavin gradient: DG = (DG, h)yy, VYhe HF
o [*-gradient: D,G(w) = (VG(w), ¥ 2o, 1imys ¢ € L2([0, T]; R).
Define by the quadratic forms
£(G, G) = / IDG|3rdi”, G e FCe,
Wr
Eou(G, G) ::/ |DG|adu", G e FCs,

wr

£2(G,G) ;:/ IVG|Zdu", G e FGs.

wr
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Functional inequality

Quasi-regular Dirichlet form

Theorem (Chen-Sun-W 23+)

Assume that F(t,s) = f(t)F(t,s) t>s >0, where F satisfies conditions (A) and (B),
and for some function f with f, + € L*([0, T];R). Then(E, FCs), (Eou, F Cb) and
(€2, FCp) are closable and their closures are quasi-regular Dirichlet forms.

Remark

o O-U case: Driver-Réckner(92), Lébus(04), Wang-W(08), Wang-W(09),
Chen-W(14), Wang(book)

o [?-case: Réckner-W-Zhu-Zhu(20), Chen-W-Zhu-Zhu(21)
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Damped Logarithmic Sobolev inequality

Theorem (Clark-Ocone-Haussmann formula)
Assume that F satisfies conditions (A) and (B). Then for each G € FC§° we have
T
G :IE(G)+/ HEdB!,
0

where
HY = (KF) 'E(Ke 'Df G|FY).

Fang(CRASPS 94); Decreusefond-Ustiinel(PA 99)

Theorem (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then we have

Ent,-(G”) < 2£(G, G) (2

for G € FCp.
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Logarithmic Sobolev inequality(O-U D-f)

Corollary (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then we have
Ent,r(G?) < C&ou(G, G),
for G € D(Eou), where

C=2 sup F(t,t)+2HaF(t’S) .
t€0,7] ot 200, 12:m)
(Fang 94), (Hsu 97), (Hino 98), (Wang 02), (Fang-Wang 04), (Fang-Shao 05),
(Elworthy-LeJan-Li 07), (Chen-W 14)
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Logarithmic Sobolev inequality(L2-D-f)

Corollary (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then we have

Ent,r(G) < CE2(G,G), F € D(Ep), 3)
where
T T
C= 2||F‘|i2([O,T]2;R) = 2/ / F(t,s)’dsdt. (4)
0 0

Fang(94), Gourcy-Wu(06), Rockner-W-Zhu-Zhu(20), Chen-W-Zhu-Zhu(21),
Decreusefond-Ustiinel(99), Fan(15)
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Functional inequality

Differential Harnack inequality

Theorem (W. 23+)

E[DiDyG]  [E(DhG)]® 1.2 ;
E[6]  E[6] 3|7 20 neEGeFa

Bo Wu (Fudan University) Functional inequalities on the Gaussian path space 23 /28



Functional inequality

Transport cost inequality

Let W = C([0,1];R). Define the Cameron-Martin distance on W:

lwi — walgr, w1 — w2 € H,

dyr (w1, w?) =
i (01, w2) 400, otherwise.
Define the L2-Wasserstein distance:
W‘?HF(G.U'F,/LF) = Ec(i(;n:F HF){/W Wd]fﬂ;:(wl,wz)dw(wl,wz)}.
™ s X
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Functional inequality

TCI for Cameron-Martin distance

Theorem (W 234)
Assume that F satisfies conditions (A) and (B). Then

Wi (Gu",u") < 21" (Glog G), G >0,u"(G)=1.
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TCl for dy, and L2

Let W = C([0,1];R). Define two distances on W:

doo(UJ1,w2) = supo§t§1|w1(t) — wl(t)\,

daonsen) = { [ lea(t) - a0

1/2

Define the L2-Wasserstein distance:

W2(GuF,uf) = inf {/ d2(w1,wz)dﬂ'(w17w2)}.
Wxw

meC(GuF,uf)
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Functional inequality

Theorem (W 234)
Assume that F satisfies conditions (A) and (B). Then 3 Gi(F) and Cy(F) s.t.

Wi (Gu",u") < G(F)u"(Glog G), G >0,u"(G) =1,

and

Wi, (Gu" 1) < G(F)u"(Glog G), G >0,47(G)=1.

o Talagrand(96), Otto-Villani(00), Bobkov-Gentil-Ledoux(01) - --- -

o Feyel-Ustiinel(02), Djellout-Guillin-Wu(04), Wang(04), Fang-Shao(05),
Saussereau(12), Riedel(17) - --
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Functional inequality

Thank youl
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