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Background

Quasi-invariant property

Leb. measure λ(dx) on Rd : x ∈ Rd , v ∈ Rd , let

ξεv (x) := x + εv , ε ∈ R ⇒ d(ξεv )∗(λ)

dλ
= 1,

(
Translation invariant

)
.

Standard Gaussian measure γ(dx) on Rd : x ∈ Rd , v ∈ Rd , let

ξεv (x) := x + εv , ε ∈ R ⇒ d(ξεv )∗(γ)

dγ
= exp

(
ε〈·, v〉 − ε2

2
|v |2
)
.

Wiener Measure µ on C([0, 1] : Rd): let

ζεh (ω) := ω + εh, ω ∈ C([0, 1] : Rd), h ∈ H,

where

H :=

{
h ∈ C([0, 1];Rd) : h(0) = 0, ‖h‖2

H :=

∫ 1

0

|ḣs |2ds <∞
}
.

Then ζεh for µ is a family of quasi-invariant flow and

d(ζεh )∗µ

dµ
= exp

(
ε

∫ 1

0

〈h′(s), dBs〉 −
ε2

2
‖h‖2

H

)
.
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Background

Wiener Measure µ on C([0, 1] : M): M Riemannian manifold.

∃ ζεh : Wx(M) 7→Wx(M), h ∈ H,

s.t.
d(ζεh )∗µ

dµ
= exp

[∫ ε

0

Φ1
h(ζ−λh )dλ

]
,

where

Φt
h(γ) :=

∫ t

0

〈
h′(s) +

1

2
RicUs (γ)h(s), dBs(γ)

〉
.

Driver(92), Hsu(95, 02), Hsu-Ouyang(09), Wang(11), Chen-Li-W(23)
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Background

Fractional Wiener Measure µ on C([0, 1] : Rd), i.e. the law of FBM BH :

BH
t :=

∫ t

0

KH(t, s)dBs , t ≥ 0,

where KH(t, s) =
cHs

1
2
−H
∫ t

s
(u − s)H−

3
2 uH− 1

2 du, H ∈ ( 1
2
, 1),

1[0,t](s), H = 1
2
,

bH

((
t(t−s)

s

)H− 1
2 −

(
H − 1

2

)
s

1
2
−H
∫ t

s
(u − s)H−

1
2 uH− 3

2 du

)
, H ∈ (0, 1

2
).

Define ζεh (ω) := ω + εh, ω ∈ C([0, 1] : Rd), h(t) =
∫ t

0
F (t, s)g(s)ds.

d(ζεh )∗µ

dµ
= exp

(
ε

∫ 1

0

〈K∗,−1
H K−1

H h′(s), dBH
s 〉 −

ε2

2
‖h‖2

HH

)
.

Decreusefond-Üstünel(99), Elisa-Mazet-Nualart(01), Fan(15)
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Background

Mathematical finance:

Brownian motion: Theory of option pricing formula(1997, Black-Scholes-Merton)

Fractional Brownian motion: Describing the price fluctuation behavior model of
financial markets

Gaussian process: Due to the complex financial behaviors of price fluctuations in
financial markets, it may not be comprehensive enough to use FBM only to describe
its fluctuation behaviors. It is necessary to introduce a more general Gaussian
process.

Greek alphabet for the derivative

d

dε
E(Φ(B)(ε)) = E

( d

dε
Φ(B)(ε)

)
= E

(
Φ(B)(ε)αε(Φ(B))

)
−−−−−−Bismut’s Formula.
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Background

Our goal

F -Gaussian process:

BF
t :=

∫ t

0

F (t, s)dBs , t ≥ 0.

Quasi-invariant theorem

Functional inequality
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Background

F -Gaussian process

Let F ∈ C 2(R× R). Consider

BF
t :=

∫ t

0

F (t, s)dBs , t ≥ 0.

In this talk, we always assume that

F ∈ L2(R2) and
∫ t∧s

0
F (t, r)F (s, r)dr 6= 0, ∀ t, s ∈ R

ϕt(·) := F (t, ·) ∈ L2(R), ∀t ≥ 0.

This implies that BF is a centered Gaussian process with covariance

E(BF
t BF

s ) := RF (t, s) =

∫ t∧s

0

F (t, r)F (s, r)dr .
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Background

According to the definition of BF :

BF
t :=

∫ t

0

F (t, s)dBs , t ≥ 0,

the kernel function F is the key point between B and BF . Here we introduce the
operator KF : L2([0,T ];R)→ L2([0,T ];R) defined by

KFh(t) :=

∫ t

0

F (t, s)h(s)ds, h ∈ L2([0,T ]2;R).

To characterize the connection between BF and B, we need to introduce K∗F and (K∗F )−1

operators.

(K∗F h)(s) := F (s, s)g(s) +

∫ T

s

∂F (t, s)

∂t
h(t)dt, h ∈ L2([0,T ]2;R).

This requires that

(A) a.s. t ∈ L2[0,T ], F1(t, s) :=
∂F (t, s)

∂t
∈ L2([0,T ]2;R)
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Background

To make sure that (K∗F )−1 : L2([0,T ];R)→ L2([0,T ];R) is bounded operator. we need
to assume that (B):

∃ Θ ∈ L2([0,T ]2)∩ C 1((0,T )2) and 0 < ζ1, ζ2 ∈ L2([0,T ];R) with 1
ζ1
, 1
ζ2
∈ L2([0,T ];R)

s.t. 
Θ(r,t)
ζ1(r)

F (r , r) +
∫ r

t
Θ(s,t)
ζ1(s)

∂F (r,s)
∂r

ds = ζ2(r),
Θ(r,t)
ζ2(t)

F (t, t) +
∫ r

t
∂F (s,t)
∂s

Θ(r,s)
ζ2(s)

ds = ζ1(t), ∀ 0 ≤ t ≤ r ≤ T .
∂Θ(r,t)
∂r

+ ∂Θ(r,t)
∂t
≡ 0.

Example: (1) Let

F (t, s) =
c

Γ(α)
f1(s)

∫ t

s

(u − s)α−1f2(u)du, 0 < α ≤ 1.

In particular, if

f1(s) = s
1
2
−H , f2(t) = tH−

1
2 , α = H − 1

2
, c = cHΓ

(
H − 1

2

)
.

Then F (t, s) = KH(t, s).

(2) Let F (t, s) = f (s) for some f .
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Background

Remark

(1) When
F (t, s) =

c

Γ(α)
f1(s)

∫ t

s

(u − s)α−1f2(u)du, 0 < α ≤ 1.

Let 
Θ(t, s) = 1

Γ(1−α)
(t − s)−α, s ≤ t

ζ1(t) = f1(t), t ∈ [0,T ]

ζ2(t) = f2(t), t ∈ [0,T ].

(2) When F (t, s) = f (s) for some f . Let

Θ(t, s) = 1, ζ1 ≡ 1, ζ2 = f (t).
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Background

Existence of (K ∗F )−1

Theorem

Suppose that (A) and (B). Then

(K∗F )
−1

h(t) = − 1

ζ2(t)

d

dt

∫ T

t

Ψ(s, t)

ζ1(s)
h(s)ds, h ∈ L2([0,T ];R).

The Cameron-Martin space HF for BF is denoted by

HF :=
{

hF := KF ḣ
∣∣∣h ∈ H, ‖hF‖2

HF <∞
}
,

where

〈hF , gF 〉HF =

∫ T

0

h′(s)g ′(s)ds, hF , gF ∈ HF .

For each fixed T > 0, let HF := (K∗F )−1
(
L2([0,T ];R)

)
. Let ψ ∈ HF and ∆ be a partition

of the interval [0,T ]:

∆ = {0 = t0 < t1 < · · · < tn−1 < tn = T}.
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Background

Integrals for F -Gaussian process

Define the BF -integral with respect to ψ:∫ T

0

ψ(s)dBF
s := lim

|∆|→0

n−1∑
i=0

(
1

ti+1 − ti

∫ ti+1

ti

ψ(s)ds

)(
BF

ti+1
− BF

ti

)
.

Theorem

Suppose that (A) and (B). Then∫ T

0

ψ(s)dBF
s =

∫ T

0

K∗Fψ(s)dBs , ∀ψ ∈ HF .

Neven(68), Decreusefond-Ustunel(99), Duncan-Hu-Pasik-Duncan(00), Nualart(03)
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Quasi-invariant Theorem

Quasi-invariant Theorem

Let
RF := KF ◦ K∗F .

Theorem (Chen-Sun-W 23+)

Assume that F (t, s) = f (t)F̂ (t, s), t ≥ s ≥ 0, where F̂ satisfies conditions (A) and
(B), and for some function f with f , 1

f
∈ L2([0,T ];R). Then for each hF ∈ HF , we have∫

Ω

G(BF (ω) + hF )dP(ω) =

∫
Ω

G(BF (ω))αhF (ω)dP(ω)

for any bounded Borel measurable function G, where

αhF = exp

{∫ T

0

(RF̂ )−1 hF

f
dB F̂ − 1

2

∥∥∥∥hF

f

∥∥∥∥2

HF̂

}
.
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Quasi-invariant Theorem

Integration by parts formula

Define

FCb =

{
G(γ) = g

(∫ T

0

g1(s, γs)ds, . . . ,

∫ T

0

gm(s, γs)ds

)
: γ ∈WT ,

g ∈ Lipb(Rm), gi ∈ C 0,1([0,T ]× R;R), 1 ≤ i ≤ m

}
.

Theorem (Chen-Sun-W 23+)

Assume that F (t, s) = f (t)F̂ (t, s) t ≥ s ≥ 0, where F̂ satisfies conditions (A) and (B),
and for some function f with f , 1

f
∈ L2([0,T ];R). For each hF ∈ HF and G1,G2 ∈ FCb,

we have∫
Ω

G2DhF G1dµF =

∫
Ω

G1D∗hF G2dµF ,

where

D∗hF G2 = −DhF G2 + G2

∫ T

0

(RF̂ )−1 hF (t)

f (t)
dB F̂

t .
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Quasi-invariant Theorem

Martingales with respect to BF

In general, BF is not a martingale. Does there exist a function Ψ(t, s) such that

Mt =

∫ t

0

Ψ(t, s)dBF

is a martingale?

Theorem (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then then stochastic process

M(t) =

∫ t

0

Θ(t, s)

ζ1(s)ζ2(s)
dBF

s (1)

is a martingale with respect to the filtration generated by the F -Gaussian process, where
Θ, ζ1 and ζ2 are from the condition (B).
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Quasi-invariant Theorem

Bismut-Elworthy-Li’s formula

For each x ∈ R, define
BF ,x+ε

t = BF
t + x .

Theorem (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then for each T > 0 and g ∈ Bb(R),
we have

d

dx
E
(

g(BF ,x
T )

)
=

1

T0
E
(

g(BF ,x
T )

(∫ T

0

(RF )−1

(∫ t

0

F (t, s)ds

)
dBF ,x

t

))
,

where

T0 :=

∫ T

0

F (T , s)ds.

Bismut(84), Elworthy-Li(94), Fan(15)
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Functional inequality

Functional inequality

Quasi-regular Dirichlet form:

For any G ∈ FCb, define

Damped gradient: DhG = 〈DFG , h〉HF , ∀h ∈ HF

Malliavin gradient: DhG = 〈DG , h〉H, ∀h ∈ HF

L2-gradient: DϕG(ω) = 〈∇G(ω), ϕ〉L2([0,T ];R), ϕ ∈ L2([0,T ];R).

Define by the quadratic forms

E(G ,G) :=

∫
WT

‖DG‖2
HF dµF , G ∈ FCb,

EOU(G ,G) :=

∫
WT

‖DG‖2
HdµF , G ∈ FCb,

EL2 (G ,G) :=

∫
WT

‖∇G‖2
L2 dµF , G ∈ FCb.
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Functional inequality

Quasi-regular Dirichlet form

Theorem (Chen-Sun-W 23+)

Assume that F (t, s) = f (t)F̂ (t, s) t ≥ s ≥ 0, where F̂ satisfies conditions (A) and (B),
and for some function f with f , 1

f
∈ L2([0,T ];R). Then(E ,FCb), (EOU ,FCb) and

(EL2 ,FCb) are closable and their closures are quasi-regular Dirichlet forms.

Remark

O-U case: Driver-Röckner(92), Löbus(04), Wang-W(08), Wang-W(09),
Chen-W(14), Wang(book)

L2-case: Röckner-W-Zhu-Zhu(20), Chen-W-Zhu-Zhu(21)
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Functional inequality

Damped Logarithmic Sobolev inequality

Theorem (Clark-Ocone-Haussmann formula)

Assume that F satisfies conditions (A) and (B). Then for each G ∈ FC∞b we have

G = E(G) +

∫ T

0

HG
t dBF

t ,

where
HG

t = (K∗F )−1E(K−1
F DF

t G |FF
t ).

Fang(CRASPS 94); Decreusefond-Üstünel(PA 99)

Theorem (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then we have

EntµF (G 2) ≤ 2E(G ,G) (2)

for G ∈ FCb.
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Functional inequality

Logarithmic Sobolev inequality(O-U D-f)

Corollary (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then we have

EntµF (G 2) ≤ CEOU(G ,G),

for G ∈ D(EOU), where

C = 2 sup
t∈[0,T ]

F (t, t) + 2

∥∥∥∥∂F (t, s)

∂t

∥∥∥∥
L2([0,T ]2;R)

.

(Fang 94), (Hsu 97), (Hino 98), (Wang 02), (Fang-Wang 04), (Fang-Shao 05),
(Elworthy-LeJan-Li 07), (Chen-W 14)
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Functional inequality

Logarithmic Sobolev inequality(L2-D-f)

Corollary (Chen-Sun-W 23+)

Assume that F satisfies conditions (A) and (B). Then we have

EntµF (G 2) ≤ CEL2 (G ,G), F ∈ D(EL2 ), (3)

where

C = 2‖F‖2
L2([0,T ]2;R) = 2

∫ T

0

∫ T

0

F (t, s)2dsdt. (4)

Fang(94), Gourcy-Wu(06), Rockner-W-Zhu-Zhu(20), Chen-W-Zhu-Zhu(21),
Decreusefond-Üstünel(99), Fan(15)
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Functional inequality

Differential Harnack inequality

Theorem (W. 23+)

E
[
DhDhG

]
E
[
G
] −

[
E(DhG)

]2

E
[
G
]2 +

1

2

∥∥∥hF
∥∥∥2

HF
≥ 0, h ∈ HF ,G ∈ FCb.
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Functional inequality

Transport cost inequality

Let W = C([0, 1];R). Define the Cameron-Martin distance on W :

dHF (ω1, ω2) :=

{
‖ω1 − ω2‖HF , ω1 − ω2 ∈ HF ,

+∞, otherwise.

Define the L2-Wasserstein distance:

W 2
dHF

(GµF , µF ) := inf
π∈C(GµF ,µF )

{∫
W×W

d2
HF (ω1, ω2)dπ(ω1, ω2)

}
.
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Functional inequality

TCI for Cameron-Martin distance

Theorem (W 23+)

Assume that F satisfies conditions (A) and (B). Then

W 2
dFH

(GµF , µF ) ≤ 2µF (G log G), G ≥ 0, µF (G) = 1.
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Functional inequality

TCI for d∞ and L2

Let W = C([0, 1];R). Define two distances on W :

d∞(ω1, ω2) := sup0≤t≤1|ω1(t)− ω1(t)|,

dL2 (ω1, ω2) :=

{∫ 1

0

|ω1(t)− ω1(t)|2dt

}1/2

.

Define the L2-Wasserstein distance:

W 2
d (GµF , µF ) := inf

π∈C(GµF ,µF )

{∫
W×W

d2(ω1, ω2)dπ(ω1, ω2)

}
.
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Functional inequality

Theorem (W 23+)

Assume that F satisfies conditions (A) and (B). Then ∃ C1(F ) and C2(F ) s.t.

W 2
d∞(GµF , µF ) ≤ C1(F )µF (G log G), G ≥ 0, µF (G) = 1,

and
W 2

d
L2

(GµF , µF ) ≤ C2(F )µF (G log G), G ≥ 0, µF (G) = 1.

Talagrand(96), Otto-Villani(00), Bobkov-Gentil-Ledoux(01) · · · · · ·

Feyel-Üstünel(02), Djellout-Guillin-Wu(04), Wang(04), Fang-Shao(05),
Saussereau(12), Riedel(17) · · ·
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Functional inequality

Thank you!
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